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Abstract 

Algebras of currents and diffeomorphisms in arbitrary dimension 
have extensions which generalize the affine and Virasoro algebras on 
the circle. A large class of off-shell representations was discovered in 
Comm. Math. Phys. 214 (2000) 469-491. That paper is not so 
accessible due to a slightly non-standard normal ordering formalism 
and cumbersome p-jet calculations. The purpose of the present paper 
is to simplify the derivation using standard OPE methods and a more 
field-like formalism. 


1 Introduction 

The algebra of diffeomorphisms on the circle has a non-trivial central ex¬ 
tension, the Virasoro algebra. A natural question is whether this extension 
can be generalized to diffeomorphisms on higher-dimensional manifolds, in 
particular on the d-dimensional torus. The answer is affirmative and the 
multi-dimensional Virasoro algebra Vir(d) was discovered during the 1990s 
mm, together with many representations m ei ca no]. 

Vir{d ) for d > 1 differs in many respects from the ordinary Virasoro 
algebra Vir{ 1). E.g., the Virasoro-like extension is not central unless d = 1. 
In d dimensions, it is an extension by the module of closed (d — l)-forms. 
When d = 1, a closed zero-form is a constant function, and the extension is 
central. In higher dimensions, the Lie algebra extension is still well-defined, 
but it does not commute with diffeomorphisms. 
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The off-shell representations are also essentially different. Fock represen¬ 
tations of Vir{ 1) are obtained by quantizing fields on the circle. However, 
this procedure does not generalize to higher dimensions, because normal 
ordering gives rise to non-removable infinities. In some sense, this reflects 
the fact that Quantum Field Theory is incompatible with general-covariant 
theories like gravity. To construct off-shell representations of Vir(d) with 
d > 1 , we must replace the fields with histories in the corresponding spaces 
of p-jets prior to quantization. After this step is taken, we have a classical 
representation acting on finitely many functions of a single variable, which 
can be quantized without the appearance of infinites. 

Unfortunately, working with p-jets is quite cumbersome. The purpose 
of the present paper is to simplify the calculations and to emphasize the 
close relation to field theory. Locally, a p-jet is simply a Taylor expansion 
truncated at order p; in one dimension, the p-jet corresponding the field 
4>{x) is 


<l>{x)\p = ^2^<j> m (x- q ) m , ( 1 . 1 ) 

m =0 

where the Taylor coefficients 4> m = d m (j)/dx m {q). 

A Taylor series does not only depend on the function being expanded, but 
also on the choice of expansion point q, to be identified with the observer’s 
position. This means that m does not commute with the observer’s mo¬ 
mentum, i.e. the canonical conjugate of q. To obtain an orthogonal set 
of canonical variables, we replace the absolute field 4>(x) = 4>a( x ) with the 
corresponding relative field 4 >r(x) = 4>a{x + q), 

p i 

4>r{x) \ p = ^2 —fimX™, ( 1 . 2 ) 

171=0 

which clearly commutes with the observer’s momentum. To rephrase any 
expression in terms of relative fields, we substitute 4>a —t 4>r and x — » 
x + q. This step explicitly brings out observer-dependence. In particular, 
the multi-dimensional Virasoro cocycles are non-central because they are 
functionals of the observer’s trajectory q(t), which does not commute with 
diffeomor phisms. 

The results in |7J were formulated directly in terms of the p-jet data, 
i.e. the Taylor coefficients </> m , the observer’s position q, and their canon¬ 
ical momenta. To facilitate calculations and make formulas resemble the 
corresponding field equations, in the present paper we work with the full 
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MacLaurin series (11.211 rather than the individual Taylor coefficients. How¬ 
ever, the underlying p-jet structure is still present, and manifests itself in 
some places. We need to replace the d-dimensional delta function 5{x — y) 
with the corresponding p-jet delta function 5 p {x,y). Unlike the ordinary 
delta function, this object can be multiplied with itself in a meaningful way. 
That the square of the ordinary delta function is infinite is one reason why 
the multi-dimensional Virasoro algebra can not be obtained by quantizing 
the original fields. 

The passage to p-jets can be viewed from a slightly different perspective. 
Introduce a nilpotent number e satisfying e p = 0, replace all coordinates 
x p with ex 11 , and set e m = 1 for all m < p at the end. This procedure 
automatically picks out the p-jet part, since < Pr(cx ) = (j) R (ex) \ p . Moreover, 
the product of p-jets is handled correctly, because 


4>R^x)\ p ij; R {ey)\ p = (4 > R^x)'tp R (ey^j 


(1.3) 


The use of nilpotent numbers is not necessary for evaluating bilinear prod¬ 
ucts of operators, because the canonical momentum will pick out the correct 
p-jet part of products of fields anyway, but the method may be useful in other 
contexts. 

A separate issue with [7] is that normal ordering was carried out using a 
slightly non-standard formalism. In the present paper we use the standard 
operator product expansion (OPE) instead, following the notation of [3]. 
This method is much simpler and should hopefully make the results more 
accessible. 

Before addressing the full diffeomorphism algebra, we start with the 
simpler case of gauge transformations in Yang-Mills type theories, i.e. the 
current algebra in d dimensions. It admits a non-trivial extension, which 
we call the multi-dimensional affine algebra Aff(d,g). The same algebra is 
called the central extension in im but we avoid this name because the 
extension does not commute with diffeomorphisms. 

This paper is organized as follows. In the next section some necessary 
formalism is established. Aff(d,g) and its off-shell representations are dis¬ 
cussed in section 3. The more complicated case of Vir(d) is dealt with in the 
section thereafter. In section 5 we note that the representations also admit 
an intertwining action of an additional Virasoro algebra, which can be iden¬ 
tified as the algebra of reparameterizations of the observer’s trajectory. We 
can thus enlarge the symmetry to include reparametrizations “for free”, i.e. 
without enlarging the modules. The main results are summarized in section 
6. The final section contains a brief discussion of the relevance of these 
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algebras to physics. Heavy calculations are relegated to the appendices. 


2 jp-jet preliminaries 

To do calculations withp-jets it is useful to introduce multi-indices. Let m = 
(mo, mi, 1 ), all m M > 0, be a multi-index of length |m| = ^^m,,. 

The factorial is m! = mo!mi!...md_i!, and the power is 

x m = (s°) rno (x 1 ) mi ...(s d - 1 ) m « i - 1 . (2.1) 

Multi-indices can be added and subtracted, 

m + n = (m 0 + n 0 , mj + m, + n d -i). (2.2) 

The binomial coefficients are defined in the obvious way, i.e. 

(™) = m!/n!((m — n)!. Finally, let p also denote the unit multi-index 
in the p:th direction, i.e. /i ; , = d^ v , and hence (m + p)! = m /t m!. 

Let <Pa(x) is an absolute field, where the coordinates x = (x M ) are de¬ 
fined relative some fixed but arbitrary global origin. A p-jet is the Taylor 
expansion of a field 4>a(x ) around the observer’s position q 1 ' 1 , truncated at 
order p: 

4>a(x)\p= V —(f) m {x-q) m . (2.3) 

z—j m! 

|m|<p 

The space of p-jets is spanned by the Taylor coefficients 0 m , |m| < p, and 
the expansion point q ,L . 

Introduce the corresponding canonical momenta 7r m and p /t , satisfying 
the canonical commutation relations (CCR): 

[0m, VT n ] = Z<5“ , [0m, 0n] = [tT™, 7T n ] = 0, (2.4) 

and 

\<f,Vv\ = = \PimPv\ = °- ( 2 - 5 ) 

The observer’s momentum p p does not commute with absolute fields, be¬ 
cause 


\p„Aa(x)\ = £ 

|m|<p V 

= id^fi A {x). 


0m(x - q) m -•* 
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To obtain an independent set of canonical variables, we introduce the corre¬ 
sponding relative field fi R (x), where the coordinates x are measured relative 
to the observer’s position q rather than relative to some fixed global origin. 
Define 


4>r(x) =fi A (x + q), (2.7) 

and hence 

(t>A{x) = fi R (x - q). (2.8) 

The Taylor expansion of the relative field takes the form of a MacLaurin 
series: 

4>r{x) = 4>r{x)\ p = V —Amx™- (2.9) 

|m|<p 

For any field A(x ), we use the notation A(x) \ p to denote the corresponding 
P- jet. 

Whereas m can be viewed as a generating function for the Taylor 
coefficient the natural generating function for the jet momenta is a field 
in momentum space: 

it R (k) = E i |m| 7T m fc m . (2.10) 

|m| <p 

For infinite jets, the CCR (12.4jl becomes 

[(j) R (x),7r R (k)] = iexp(ik ■ x), (p = oo). (2.11) 

Making an inverse Fourier transform of (12.10[) we obtain the following ex¬ 
pression for the canonical momentum in position space: 

7T R (x) = E (2.12) 

|m|<P 

The CCR in position space are thus 

[(/>r(x), n R {y)] = i8 p (x, y ), (2.13) 

where 

S P (x,y)= E i - Z ^x m d m 8(y). (2.14) 

m! 

|m|<p 
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is the p-jet delta function. This is not symmetric, 

6 P (y,x) ± S p (x,y), (2.15) 

and it has the following smearing properties, which are proven in Appendix 

El 

J d d y f{y)S p {x,y) = f(x)\ p , (2.16) 

J d d y f(y)d^S p (x, y) = d p f(x) | p , (2.17) 

J d d y f(y)d^6 p (x, y) = -dpf(x)\ p . (2.18) 

for every smearing function f{x). 

A crucial difference between the p-jet delta function and the ordinary 
field delta function is that the product of the former with itself makes sense. 
In appendix [C] we prove the following crucial results: 


Sp{x,y)S p (y,x) = 
dpd p (x,y)6 p (y,x) « 
d p d P (x,y)df,5 p (y,x) « 


+ 


(^^ P ^jd(x)6(y), 

-(^ d ^_ P ^j d pd(x)6{y), 

d + 2 l ^j d ^ x ) d ud{y) 

(^2 ) d A*W(y)- 


(2.19) 


The first relation is a strict equality, but the two latter must be understood 
in a weaker sense. They become equalities if the RHS is smeared with a 
function f(x) and the LHS is smeared with the function fo(x) = f(x) — 
/(0); in the last relation an analogous subtraction is also necessary for the 
smearing function g(y). Fortunately, it is exactly this modified smearing 
that is necessary for our purposes. 

From the definition (12.121) and an integration by parts it follows that the 
canonical momentum picks out the p-jet part of any field: 

J d d x ttr(x)A(x) = J d d x TTji(x)A(x)\p. (2.20) 

Another useful property of p-jets is that 

(A(x)\ p B(x)\ p )\ p = (A(x)B(x))\ p . (2.21) 
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To prove (|2.2ip . we observe that both sides equal the double sum 


EE 


m!n! 


A R r m+n 


( 2 . 22 ) 


but the summation ranges seem different. In the LHS, the sum runs over m 
and n which satisfy the joint condition |m| < p , |n| < p, and |m + n| < p, 
whereas in the RHS the only condition is |m + n| < p. However, the two 
first conditions in the LHS are in fact redundant, because if |m + n| < p, 
then |m| and |n| are both automatically < p. Hence the two sides of (12.211) 
are indeed equal. 


3 Multi-dimensional affine algebra 

3.1 Classical representations 

Let g be a Lie algebra with basis J a , totally anti-symmetric structure con¬ 
stants f abc , and Killing metric 5 ab . Due to the existence of the Killing metric, 
there is no need to distinguish between upper and lower 0 indices. The 0 
brackets are 

[J a , J b ] = if abc J c . (3.1) 

Let the matrices M a form a basis for a finite-dimensional 0 representation M, 
and let yu be the value of the second Casimir operator in this representation, 
defined by 

tr M a M b = y M S ab . (3.2) 

The algebra of maps from the d-dimensional base manifold into 0 , map(d, 0 ), 
is defined by the brackets 

[Jx,Jy\ = J[x,Y], (3-3) 

where X = X a (x)J a is a 0 -valued function and [X. Y] = if abc X a Y b J c . 

For each finite-dimensional 0 representation M. the corresponding map(d, 0 ) 
representation acts on M-valued fields: 

[Jx, (t>{x)\ = -X a {x)M a ct>{x) = -X{x)<j>{x). (3.4) 

Let tt(x) be the canonical conjugate of (j>(x), defined by the Heisenberg 
algebra 

[<t>( x),n(y)\ = iS(x-y), 

[<t>{x),<j){y) ] = [TT(x),n(y)\ = 0. 
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7 t(x) transforms in the dual representation: 


[JxiTt{x)\ = X a (x)7r (x)M a = n(x)X(x). 


Hence the current algebra is generated by the operators 


Jx = ~i 


/ 


d d x tt(x)X (x)(j)(x). 


(3.6) 


(3.7) 


3.2 Quantization in one dimension 

Let us first review how to build representations of the ordinary affine algebra 
Aff( 1), using the OPE formalism |4]. Let (j>(z) be an M-valued field and 
let 7r(z) be its canonical momentum. The OPEs of the fundamental fields 
read 


4>(z)tt(w) ~ -, 

z — w 

(j>(z)(j)(w) ~ n(z)n(w) ~ 0. 


(3.8) 


We denote the z derivative by a dot, <j>(z) = d(j){z)/dz , to distinguish it 
from derivatives w.r.t. spacetime coordinates below. Note that we have 
not identified momenta and velocities, n(z) ^ 4>(z)- In string theory fields 
obeying the definition (13.811 are often called ghosts, cf [3], eqn. (6.238). 

Equation (j3.8j) holds both for bosonic and fermionic fields, but the OPE 
of the fields in opposite order depends on Grassman parity: 


tt(z)(J)(w) ~-, 

z — w 

tt(z)(/>(w) ~-, 

z — w 


bosonic 

fermionic. 


(3.9) 


To treat both bosons and fermions at the same time, we summarize the OPE 
of the fundamental fields as 


4>(z)ir(w) Tn{z)(j)(w) 



(3.10) 


Here and henceforth the upper sign refers to bosons and the lower sign to 
fermions. 

The generators of Aff( l,g) are 


J a (z) =: 7r(z)M a (j)(z) :, 


(3.11) 
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where double dots denotes normal ordering. The field transforms in M and 
the canonical momentum transforms in the dual representation: 



(3.12) 


The affine algebra 


J a {z)J b {w) 



z — w (z — w) 2 ’ 


(3.13) 


where the central charge k = T2/M is given by the value of the second Casimir 
in (13.21) . In terms of the smeared generators 



(3.14) 


the affine algebra takes the form 



(3.15) 


3.3 Naive field quantization 

Let us now attempt to repeat the construction in the previous subsection 
for Aff(d,g). In several dimensions there is no preferred time direction 
that defines the normal order. One could define a lexicographical order as is 


done for finite-dimensional Lie algebras, but this is problematic for several 


reasons, e.g. because there is no guarantee that different orderings will lead 
to equivalent representations; the Stone-von Neumann theorem does not 
hold in infinite dimensions. 

Instead, we explicitly introduce an extra coordinate z to define normal 
ordering. One way to think about this is that we have fixed a foliation, t is 
the time coordinate, and the complex coordinate z = exp (it)-, x denotes the 
spatial coordinates. map(d, g) is then the algebra of spatial gauge transfor¬ 
mations. Another interpretation is that t is a time-like parameter along the 
observer’s trajectory, which should be identified with the time coordinate 
x° at a later stage. 
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Either way, the fundamental fields now depend on an extra complex 
variable, and the OPEs become 


<t>{x, z)ir(y, w) ~ =F7T {x,z)<j){y,w) ~ - 5(x-y), 

Z W (3.16) 

cj)(x, z)cj)(y,w) ~ ir(x, z)ir(y, w) ~ 0. 

The smeared generators, 

J x (z) = J d d x : ir(x, z)X(x, z)<f>(x, z) :, (3-17) 

act as follows on the fundamental fields 

Jx(z)</)(x,w ) - X(x, w)cf>(x , w), 

Z ~ W (3.18) 

J x (z)ir(x,w) ~ - tt(x,w)X(x,w). 

z — w 

We now encounter a serious problem with the extension: the central 
charge becomes infinite. Formally, 


Jx{z)Jy{w) ~ - J[x,Y]( w ) (3.19) 

z — w 

T ^ jj d d xd d ytr(X(x,z)Y(y,w))6(x -y)6(y-x). 

The double Wick contraction is proportional to (5(0), since 

S(x-y)S(y-x) = S(0)S(x-y), (3.20) 

and hence the central charge is infinite, 

k = TVmS(0). (3.21) 

Clearly, an infinite central charge does not make sense. The generalization 
of the affine algebra to higher dimensions must be done differently, a task 
to which we now turn. 


3.4 p -jet quantization 

To overcome the problem with the infinite central charge, we replace fields 
with the corresponding p- jets. To maintain as much as possible of the field 
formalism, the Taylor coefficients are not displayed explicitly, but instead 
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everything is expressed in terms of the generating functions (12.911 and (12.121) . 
The OPE of the fundamental fields remains essentially unchanged; the only 
difference compared to (13.161) is that the delta function has been replaced 
by its truncation 5 p (x,y), 

4>(x, z)n(y, w) ~ —^—5 p (x,y), 

‘ " ( 3 - 22 ) 

n(x,z)(j)(y,w) ~ - 5 p (y,x) 

z — w 

Recall that the p-jet delta function is not symmetric. Because we deal with 
relative fields, 


X(x,z) = X(x + q(z)), (3.23) 

so the smeared generators (13.17|) are replaced by 

Jx(z) = j d d x : tt(x, z)X(x + q(z))<j>(x, z) : . (3.24) 

To see that this expression is indeed equal to the gauge algebra generators 
in |7J, we use the definitions (12.91) and (12.121) and suppress the z dependence. 
First integrate repeatedly by parts: 

Jv = f -.( Y. (-) |m| v”a m ^))(E;) 8 ' x («> lJ )( £ b*" x ") ■ 

|m|<p r |n|<p 

- £££^ : n m d r X(q)(j) n : j d d xd m (x n+r )5(x). (3.25) 

The last integral equals m!4^ 1 +r , and hence 

Jx = E E ^J^Xiq))^, (3.26) 

|m|<p|n|<P 

where 

J *(X)= (“)a m _ n X (3.27) 

Since the binomial coefficients vanish whenever n < m, the sum over n is 
in fact restricted to this range. Equations (13.261) and (|3.27l) are thus equal 
to equations (6.6) and (6.4) of [7], respectively. 
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The OPE Jx(z)Jy(w ) becomes 

1 


z — w 

1 

z — w 

1 


(z — w) 2 


d xd y 5 p (x, y) : vr(x, z)X(x, z)Y (y, w)(j>{y, w) : 
d d x d d y 5 p (y, x) : vr (y,w)Y(y,w)X(x, z)(j)(x, z) : 
d d x d d y 5 p (x, y)5 p (y, x) tr(X(x, z)Y(y, w)). 


(3.28) 


We must be careful when evaluating this expression, because 5 p (x,y) ^ 
5 p (y,x). Suppressing normal ordering and the z and w dependence, the 
inner integral in the first term can be rewritten as 


J d d y 5 p (x,y)ir(x)X(x)Y(y)<l>(y) 
= n{x)X(x){Y (x)(t>(x))\ p 
= k(x){X(x){Y (x)(t>(x))\ p )\ p 
= Tr(x)(X(x)Y(x)<i>(x))\ p , 


(3.29) 


where we used the properties (I2.20p and (12.211) . Finally using (|2.20l) once 
again, the first term in (13.281) becomes 


1 


z — w 


d d x : 7r(x, z)X(x, z)Y(x, z)(f>(x, z) : 


The double Wick contraction is calculated using (1C.II) . and equals 
=Fl 


(z — w) 2 

Tl 


J d d x d d y A d)P 5(x)5(y) z)Y(y, w)) 

d + p ^ 


(z — w) 2 V d 

where we used (IB.ID in the last step 
Hence the OPE is 

1 


tr(X(0,z)y(0,w)), 


Jx(z)J Y {w ) 


z — w 




W) 


1 


(z — w) r - 


d + p 


tr(X(0, z)Y (0, w)). 


(3.30) 


(3.31) 


(3.32) 


Equivalently, the operators 






















satisfy the Lie algebra brackets 


[Jx, Jy ] 


where 


-1 
47r 


® dio ® dz Jx (z) Jy (w) 

Jo J w 


k 


J[X,Y] + diuX a (0,w)Y a (0,w). 


(3.34) 


k 



(3.35) 


and the dot denotes the partial derivative w.r.t. the complex coordinate, 
f(x,z ) = df(x,z)/dz. In particular, with X(x,z) = X(x + q(z)), 

[Jx, Jy] = J[x,y] + ^~f dw ^( w ) d i* xa (.Q( w )) Ya (Q( w ))i ( 3 - 36 ) 

which is the form of Aff(d,$) described in [7], 

Note that this cocycle is proportional to the second Casimir operator. 
Aff(d, g) is thus unrelated to the gauge anomalies appearing in the standard 
model of particle physics, which are proportional to the third Casimir. 

In one dimension, the cocycle can be rewritten as f dq X' a (q)Y a (q ), which 
shows that (13.361) reduces to the affine Kac-Moody algebra 0 when d = 1. 


4 Multi-dimensional Virasoro algebra 

4.1 Classical representations 

Let £ = be a vector field, with commutator 

[£, T)\ = J'dtxJdv - rfd^d^. (4.1) 

The algebra of vector fields in d dimensions, denoted by uect(d), is generated 
by the Lie derivatives C £. The bracket reads 

[C^L n ] = % j?7 ]. (4.2) 

We will colloquially refer to Dcct(d) as the d-dimensional diffeomorphism 
algebra, although it is not strictly the Lie algebra of the diffeomorphism 
group in d dimensions. 

The most natural type of Oect(d) representations act on modules of tensor 
densitities. In one dimension, these are the primary fields of CFT. Consider 
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the Heisenberg algebra generated by a tensor-valued spacetime field 4>{x) 
and its canonical momentum ir(x): 


n{y)\ = id(x - y ), [<j)(x), 4>(y)} = [tv(x), ir(y)] = 0. (4.3) 

Oect(d) can be embedded into this Heisenberg algebra as follows: 

Ct = -i j d d x ^(x)tt( x)d li <f>(x) + d v ^(x)n(x)T"(j)(x)j , (4.4) 

where the matrices Tu satisfy g[(d): 

[T£, T”\ = b v p T% - 5%T". (4.5) 

For every gl(d) representation g, the embedding (14.4p yields a Dcct(d) repre¬ 
sentation acting on tensor densitities of type g: 

[% <t>(x)] = -^(x)d fJ .4>(x) - d v ^(x)T”ct)(x). (4.6) 

The conjugate momentum transforms as a density in the dual representation: 

vr(x)] = -^(x)d ti n(x) - d^{x )k(x) + d u ^(x)TT(x)T". (4.7) 

4.2 Relative fields 

The fields in the classical embedding (14.41) are absolute fields, To prepare 
for quantization, we follow the same recipe as for gauge algebras; replace 
absolute fields with relative fields and shift x^ —> + q M to make the 

dependence on the observer’s position manifest. This leads to 

C^ = -i J d d x + q)'7r(x)d fl (j)(x) + d v ^{x + q)7r(x)T^(x)^ , (4.8) 

However, diffeomorphisms do not commute with the observer’s position. 
Hence we also need a second class of Dcct(d) representations, acting nonlin- 
early on c/ 1 . The embedding of occt(d) is given by 

Q)Pim (4-9) 

where the 2d generators q^ and p u satisfy the CCR (12.51) . The action on the 
observer’s position is non-linear: 

^ ^ ,4,0) 

[£ q v Pv\ = ~du^(q)d ll . 
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These relations are to be understood as defining nonlinear realizations in the 
space of polynomial functions of q ,Jl . If 4>(g) is such a function, the operators 
act as scalar fields: 


[£f: $(<?)] = 


(4.11) 


The operators in (14. 8p and (14.911 both satisfy Oect(d) individually, but 
their sum £| + C\\ does not, because the observer’s momentum does not 
commute with ^{x + q). To remedy this defect, we introduce the improved 
momentum 


P,,. = P/i + j d d X7r(x)5 M 0(x), 


which satisfies 


[P^q u ] = 

[P^,4>(x)\ = -id^(f>( x), 

[P^n(x)\ = -id^x), 
[Pn-, Pv) = 0 . 

The improved generators 

= e(q)P„ 

satisfy [£' q , C' q ] = and [£'£,£%] = 0. The sum 

= d + d 


(4.12) 


(4.13) 


(4.14) 


(4.15) 


hence furnishes a realization of ucct(<i) which acts correctly on both the 
observer’s position and on the relative fields. 


4.3 Quantization 

The OPEs between the fundamental fields are defined to be 

q^(z)p u (w) ~ — Sji, 

z — w 

<j>(x,z)n(y,w) ~ — —5 p (x,y), 

z — w 

whereas all other contractions vanish. 


(4.16) 


15 




It is useful to arrange the diffeomorphism generators somewhat differ¬ 
ently than in (|4.15[) . Set 

£?(*) = 

L\(z) = J d d x(^(x + q{z)) ~^(q(z))) : tt(x, z)d„</>(x, z) 

L\(z) = J d d xd u ^(x + q{z)) : tt(x, z)T"<f>(x, z) : . (4.17) 


The total Vir(d) generators are 

Lg(z) = L®(z) + Lg(z) + I%(z). (4-18) 

The OPEs with the fundamental fields are 

L^(z)q tl (w) ~ — 

z — w 

L^(z)p u (w) ~ 73^(-9„^(g(ti;))p M (t(;) 

+ J d d x {d v ^{x + q(w )) - d v ^(q(w))) : ir(x, w)d^(x , w) : 

+ f d d xd u d p ^(x + q(w)) : n(x, w)T£<j)(x, w) : Y 

’ , . (4-19) 

l^{z)4>{x, w) ~ - -(f(i + «W)-H«W)M :c . ! ") 

z — w\ 

- d v ^{x + q(w))T”<j){x,w),' S ) 

L ( (z)tt(x,w) ~ —(f(i + 9W) - ^(9 M))^vt(x, u;) 
z — w \ 

+ d l/ £ lx (x + q(w))ir(x,w)T",y 


To calculate the OPE L^(z)L v (w) is quite tedious, and is deferred to Ap¬ 
pendix [Dj The result is 


L^(z)L v (w) ~ 


L [g,r?]M + 

z — w (z — tt>) 2 ’ 


(4.20) 


where 


Z^,r,(z, w ) = ~ cid u ^{q(z))dpif(q{w)) 

- c 2 d^{q{z))d v q v {q(w)). 


(4.21) 
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Assume that the fields transform in a representation g of g[(d), and let I be 
the unit matrix in this representation. 


tr/ = dim g = A g , 
tr Tff = k 0 (g)8 

tr T P J% = k 1 (g)S^ + k 2 (e)6^S] 
The abelian charges c\ and C 2 are given by 


(4.22) 


Cl = 1 ± 


c 2 = ± 


{( 

CO 


d + p + 1 


d + 2 
Ag + 2 


An + 


d + p 
d 


fa 


d + p 

d+1 


ko (e) + 


d + p 
d 


&2 (£>)}, 


(4.23) 


where the upper sign refers to bosonic fields and the lower to fermionic fields. 

The g[(cT) parameters (14.221) can be rewritten using more conventional 
notation if we note that g[(d) = sl(d) © gl(l). A g[(d) matrix is of the form 

T£ = S p + kS^I, (4.24) 

where S„ is an sl{d) matrix and k is the weight of the field (j)(x, z ) as a 
density. By definition, 


Sjl = o. 


(4.25) 


gl(d) representations are labelled by a pair (g,n), where g now is an s((d) 
representation. The sl(d) traces are 


tr St! = 0, 


tr S£SZ = y e wr p -±sz%), 


(4.26) 


where y e is the value of the quadratic Casimir in g. The last condition 
guarantees that tr SffS" = 0. The gl(d) traces can now be written as 


tr I = A e , 
tr T£ = kA g 6%, 


(4.27) 


tr TO = ^K + (C-!C 


p v g d' p ff ' 


Hence 


k 0 (g) = kA g, 

hie) = y e , 

k 2 {g) = k 2 A g - 


(4.28) 
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Finally we express the OPE (|4.20l) (14.211) as a Lie algebra. Define 





(4.29) 


These operators satisfy the multi-dimensional Virasoro algebra Vir(d), i.e. 


— C]£^ 

H q(t )), 

= 0 . 


(4.30) 


where the extension is 

Z&v = ^ f dz ( c i ^^(9^)) du T l U (q{z)) + c 2 d^(q{z)) d v rf (q(z))J 
= :jdzq p {z)(c 1 d p d v ^{q{z))d IJi ri v {q{z )) (4.31) 

+ c 2 d p d^(q(z)) <W(<?(A») . 

The cocycle proportional to ci was discovered by Rao and Moody m, and 
the one proportional to C 2 by myself [6j. 


4.4 Intertwining action on Aff(d, g) 

In this subsection we complete the full semi-direct product Vir(d)«Af f(d, g), 
or more precisely the extension of Pect(d) x map(d, g). There is a distinction 
because the mixed bracket also acquires an extension, although it vanishes 
in the case that g is semisimple. 

The OPE between the operators (14.181) and (13.241) reads 


t / \ t t \ J tx{w) We t x(z,w) 
L^(z)Jx{w) ~ —- 1 --- 


z — w 


{z — w) 2 ’ 

where X(z) transforms as a density of weight one: 

ex = ^dpX + d,A IJ x. 


(4.32) 


(4.33) 


The extension is non-zero only if the trace does not vanish in the g repre¬ 
sentation M. Assume that the g matrices satisfy 


tr M a = ZM$ a , 


(4.34) 
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where 5 a is a privileged matrix in M. The architypical case is g = gl(l), 
where the privileged matrix is unity. If the parameter zm is nonzero, the 
extension in (14.321) becomes 

W^(z, w) = c 7 d^(q(z)) 5 a X a (q(w)). (4.35) 

The value of the abelian charge c 7 equals 

»<*>}• «■»> 

where A e and ko(g) were defined in (|4.22j) . 

The OPE (14.321) corresponds to the following bracket between C% and 
Jx em and (1T33D : 

[£*,Jx] = J^x + dzd^{q{z))8 a X a {q{z)) (4.37) 

= + §~j dz q p (z)d p d^(q(z)) S a X a (q(z)). 

Finally we must correct the previously computed abelian charges for the fact 
that M commutes with Dcct(d) and g commutes with map(d, g). The fields 
have hence additional indices on which the various algebras act trivially, each 
of which contributes an equal amount to the abelian charges. The Vir(d) 
charges c\ and C 2 in (14.231) are multiplied with Am, and and Aff(d,g) 
charge k = C 5 in (|3.35l) is multiplied with A g . This correction is accounted 
for in the summary in section [ 6 l 

The proof of the formulas in this section is given in Appendix lEl 

5 Reparametrization Virasoro algebra 

The fields cj)(x, z) depend not only on the spacetime coordinate x but also 
on the holomorphic variable z, which was identified as a time-like parameter 
along the observer’s spacetime trajectory in jTj. We can therefore extend an 
Vir(d) k Aff(d, g) representation to a representation of reparametrizations 
“for free”, i.e. without introducing new field components. After quantiza¬ 
tion, reparametrizations generate a Virasoro algebra which intertwines with 
the multi-dimensional Virasoro and affine algebras. 

All proofs in this section are carried out in Appendix IFl 
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5.1 The energy-momentum tensor in CFT 

The energy-momentum of a conformal field (f>(z) and its conjugate momen¬ 
tum tt(z) is 

T(z) = - : tt(z)0(z) : +aJ-(: n(z)(/>{z) :), (5.1) 

where A is the conformal weight of <f>(z), not to be confused with the weight 
k as a tensor density (|4.24|) . The conjugate momentum n(z) has conformal 
weight 1 — A. 

The OPEs between T(z) and the fundamental fields are 


T{z)4>(w) ~ 


T(z)ir(w) 


z — w (z — w) 2 

7r(w) 1 — A 

+ 


z — w ' (z — w ) 2 
In particular, if <j>(z) has conformal weight A = 1, 

T(z) = : n(z)(j)(z) 
d / (f>(w) 


7 t(w). 


T{z) ^ w) ^ 


.Z — Wj 

The OPE of the energy-momentum tensor with itself reads 


(5.2) 


(5.3) 


T(z)T{w) ~ 


T(w) 2 T(w) c/2 

z — w (z — w ) 2 (z — w) 4 ’ 


where c is the central charge. 


c = ±2(6A 2 — 6A + 1), 


(5.4) 


(5.5) 


where as usual the upper (lower) sign applies to bosonic (fermionic) fields. 


5.2 Reparametrization algebra 

Reparametrizations act on two types of fields: the observer’s trajectory 
q ti (z) and the p-jet fields 4>(x, z), and also on their canonical momenta. The 
definition (15.11) must therefore be replaced by 


T(z) = - : q ti (z)p fl (z) : 


(5.6) 


!' 


+ I d a x ( — : 7r(x, z)4>(x, z) : +A —(: n(x, z)4>(x, z) : 
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The OPEs between the reparametrization generators and the fundamental 
fields read: 


T(z)q»{w) ~ 

T{z)p v {w ) ~ 

T(z)c/)(x,w ) ~ 
T(z)n(x, w) 


g M (ie) 
z — w' 
d / Pi/(w) 
dw \ z — w 


z — w 
n(x,w) 
z — w 



4>{x,w), 


1 - A 
(z — w) 2 


n(x, w). 


(5.7) 


The OPE T{z)T{w) is given by (15.41) . and the central charge equals 


c = c 4 = 2d ± 2(6A 2 


6A + 1) 



A Q A M - 


(5.8) 


We recognize the contributions from the 2d fields q^(z) and p v (z), and from 
the ( d ^ p ) AgAiy.f field pairs cj>(x,z) and n(x,z). The smeared operators 

7f = dz f (z)T(z) (5.9) 

generate the Virasoro algebra Vir( 1): 

[Tf, %} = T m /MsM. (5-10) 


where [f,g] = fg-gf. 


5.3 Intertwining action on Vir(d ) and Aff(d,g) 

Conformal weights are additive. If the fields (j>i(x,z) and <f> 2 (x,z) have 
weights Ai and A 2 , the product (j>i(x, z)4>2(x, z) has weight Ai + A 2 . In par¬ 
ticular, since the observer’s trajectory q fl (z) has zero weight, so has any func¬ 
tion X(q(z)). Hence the diffeomorphism and gauge generators ()4. 181) and 
(13.241) have weight (1 — A)+0+A = 1. The OPEs between the reparametriza¬ 
tion algebra Vir{ 1) and Vir(d) and Aff(d,g) are 

T(z)Lc(w) ~ jL( L ^ w ) \ + — d^(q(w)), (5.11) 

dw\z — wJ [z — w) 6 

T(z)Jx(w) ~ /(— l+r^uWW), (5-12) 

dw\z — wJ [z — w) 6 
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where two new abelian charges were introduced: 


c 3 = 1 ± (2A-1)A m {^ + ^A,+ ^ + ^o(^)}, (5.13) 

c 6 = ±(2A-l)z M f d ^ P )A e . (5.14) 

Note the contribution from the observer’s position to C 3 . The corresponding 
Lie brackets between smearing operators are 


[Tf,C^] = dz f( z ) d n^(q( z )), 

[T f , Jx\ = fdzf(z)5 a X a (q(z )). 


(5.15) 


6 Summary of the main formulas 


In this section we collect the main equations for easy reference. 
Operator product expansions: 


L t( z ) L n(w) 


T(z)L^w) 

T(z)T(w) 

Jx(z)J Y {w) 


T(z)J x (w) 

L^{z)J x {w) 

L(.(z)q^(;w) 
J X (zW l (w ) 


~ ( z ^ w )A Cl d ^(z)) 3^(?H) 

+ c 2 d^(q(z))d u if(q(w))}, 


d tLg(w) 


+ 


C 3 


dw\z — wJ (z — w) 3 
T(w) 2 T(w) c 4 /2 

' / \ O ' 


r d^(q(w)), 


z — w (z — w) 2 (z — w ) 4 ’ 




[X,Y] 


(w) 


z — w 
+ 


+ 


^{c 5 i»( 5 ( z ))y a ( g W) 


(z — w) 
c 8 S a X a (q(z))5 b Y b (q(w))}, 


d f Jx(w) 
dw v z — w 


+ 


ce 


(z — w) : 


rS a X a (q(w)), 


+ 


C7 


z — w (z — w) 2 


d^(q(z))S a X a (q(w)), 


1 


z — w 

0 , 




( 6 . 1 ) 
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T(z)q^w) ~ 

z — w 

q fJ ’(z)q u (w ) ~ 0. 

Brackets: 

[£, ’n] = ^d^fd u -ifd u ^i 9 m , 

[x,y] = if abc x a Y b j c , 

[f,g] = fg-gf, 
tx = ed tJ x + fW'X. 

Traces in the gl(o?) © g representation g © M: 

tr e (/) = A e , 
to e ( T v) = k o (g), 

tr e (Tj?TZ) = k 1 (g)6^ p +k 2 (g)d^, 
tr M (I) = A m , 
tr m (M“) = z M S a , 

tr M (M a M b ) = y M S ab + w M S a S b . 


( 6 . 2 ) 


(6.3) 


Note the additional term proportional to wm added to the last equation. 
Such a term is possible in general, but vanishes if g is semisimple. 

Abelian charges: 


Cl 

C2 

C3 

C 4 

C5 

C6 

C7 

C8 




1 ± (2A-1)Am{(^( 




A o + 


2d ± 2(6A 2 - 6A + 1) + P I A„A 


d + p 
d 

q^M, 


M^)} 


(6.4) 


d + p 
d 

T^m i 1 , , ^J A 0 + 

'd + p 


±(2A - 1 )zm 

'{C:o 

T%/l . * IA 


A 


Q- 

d + p 
d 


M0)}> 


d 


23 



Lie algebra generators: 


Lie brackets: 

[A;> £”n\ 


\TfM 
[‘ T f ,T g } 

[Jx, Jy\ 


[Tf,Jx] 

[£(,,Jx\ 

[Jx,<f{z)\ 

[Tf,q^z)} 

[q^z),q"(w)} 


c ( = ^if dzL ( (z) 

Jx = -^-j)dzJx(z) (6.5) 

Tf = fdzf(z)T(z ) 

% 77 ] dzq p (z)(cidpd v ^{q{z))d^f{q{z)) 

+ c 2 d p d^(q(z)) d v rf'{q{z))^ , 

f dz f( z ) d ii^( q ( z )), 

T if,9]-^[- f dz f( z )g( z ), 


J[X, Y] + 2 dz Q P ( z ){°-5 9pX a (q ( z )) Y a (q(z)) 
+ c s 8 a dpX a (q(z))8 b Y\q(z))), 


"S f dz h z )8 a X a {q{z)\ 

Jix + ^~f dz $ axa (q( z ))i 


( 6 . 6 ) 


e(q(z)), 

0, 

-mr(z), 

0. 


The abelian charges agree with the result in |7j, equations (5.6) and (6.5). 
The Lie brackets are the same as in equations (2.3) and (6.2) of that paper, 
apart from some cohomologically trivial terms, but all extensions have the 
opposite signs. The reason is that the standard OPE formalism used in 
the present article is based on highest-weight representations, whereas in 
[7] we instead considered representations of lowest-energy type. In physics 
the latter are more natural - energy is typically bounded from below rather 
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than from above - but the highest-weight convention is standard in CFT, 
and we wanted to facilitate comparison with the standard reference [4j. 

7 Conclusion 

The technical results in this paper are identical to those in [7], but the pre¬ 
sentation is quite different and hopefully more accessible. One improvement 
is that the Taylor coefficients have been hidden in generating functions, thus 
making the equations more similar to the analogous formulas for fields. That 
we really deal with p-jets is manifested by the replacement of delta func¬ 
tions by their p-jet counterparts, which can be multiplied with each other 
in a meaningful way. 

The second improvement is the use of the standard OPE formalism to 
calculate brackets and extensions. The formalism in [7], albeit correct, was 
somewhat non-standard and cumbersome. The OPE formalism used here is 
simpler and more standard. 

The obvious physical application of the multi-dimensional Virasoro al¬ 
gebra, in particular Vir( 4), is in quantum gravity. In fact, it is a necessary 
ingredient in any local quantum theory of gravity. Recall the standard ar¬ 
gument why there can be no local observables in quantum gravity: 

1. In quantum theory an observable is a gauge-invariant operator. 

2. In general relativity, all spacetime diffeomorphisms are gauge symme¬ 
tries. 

3. Hence an observable in quantum gravity must commute with all dif¬ 
feomorphisms, i.e. it can not depend on local coordinates. 

The weak link in this argument is that in order to go from 2 to 3, one must 
assume that classical and quantum gravity have the same gauge symmetries. 
If the diffeomorphism algebra acquires an extension upon quantization, this 
assumption is false. Vir(d) is the extension of Oect(d) which is necessary 
for local observables, just as a non-zero central charge is necessary for local 
observables in CFT. That a diffeomorphism algebra extension is necessary 
for locality was emphasized in [8]. 
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A 


Appendices 

Proof of the smearing properties (12.161) — (12.181) 


Integrate by parts repeatedly. 

f d d y f(y)6 p (x,y) = ^ ^ x m f d d y f{y)d m 5(y) 

J |m|<p m ' J 

= E [ d d yd m f{y)5{y) 

M<P m ' 

= E d m f(0)x m = f(x)\ p 

\m\<p 

[ d d y f(y)d£6 p (x,y) = E ~ ~T "Vs™ - ** f d d y f(y) d m 5(y) 

|m|<p 

= E [d d yd m f(y)5{y) 

|m|<p 1 W ' 

= E “[ &»+/*/(■°)= d ^f( x )\p 

\m\<p 


J d d y f (y)dj J l Sp(x, y) 


E ~ m! [ d<1 y f^ dm +p 6 (y^ 

|m|<p m ' 

- E ~T xm / d d yd m+ ^f(y)5{y ) 

|ni|<p m ' 

- E ^ d ™+pf < y°) xm = -dpf(x)\ P 

\m\<p 


B Some infinite sums 



(B.l) 

(B.2) 
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Proof: The relations are proven by induction, repeatedly using the recursion 
formula ([I], 2.1.1 II): 


n + 1 
m 



(B.6) 


i. Clearly, A\^ p = Y^m=o 1 = P + 1- For the recursive step, 


Ad,p — 1 — 

*=0 |m|<p—i «=0 

P / , i i -\ P 

a — 1 +p — Z 

d- 1 


E 


i=0 
n + 1 

P 


E 

i=0 

d + p\ _ fd + p 
P )~\ d 


n — i 
n — p 


(B.7) 


where m is a multi-index with d— 1 components, n = d + p— 1, and we used 
the recursion formula. 

ii. For d = 1, -Bi )P = Ylm= o 771 = ( P ^ 1 ) • Let i = m<i- 1 be the last component, 
and let m denote a multi-index with d — 1 components. 


p p 

B d , P — ^ ^ ^ ^ *Az-i,p-i 

i=0 |m|<p— i i= 0 

P-1 

= + l)Az-i,p-,?-i (B.8) 

i=o 
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Thus 


p —1 p —1 

= ^2jA d -i !P -j-i + 

3=0 3=0 


33d,p ^d,p— 1 T -^d,p— 1 ^d,p— 1 T 


d + p — 1 
d 


(B.9) 


Using the recursion formula we verify that . 

in. When d = 1, 
p 

c i, P = E m2 = i "~ " i + 


m =0 


p 2 2 ) = j:(p + 3 p 2 + 2 ^ 3 )’ ( B - 10 ) 


which is proven with a cubic ansatz for C\ p and identification of components. 
The recursive step is 

c*, -EE 

i=0 |m|<p —i i =0 

P-1 

= ^(j 2 + + l)^-d-l,p-j-l (B.H) 

i =0 

= Cd,p—i T 2 Bd,p—i T Ad t p— i = T- 2 Bd, p Ad t p— \ 

'd + p\ fd + p—1' 

yd + ly y d 
'd + p\ f d + p — U 


— Cd p -1 + 2 


— Crf,p-i + 


d + 1 


+ 


d + 1 


We use the recursion formula to verify that the given expression for Cd, P 
indeed satisfies this relation. 

iv. Let i = rrid- 1 , j = md- 2 , and let m have d — 2 components. 


P p—l 


p p—l 


D d, P = J2J1 = 

i=0 j=0 |m| <p—i—j i=0 j =0 

p P-1 

^ ^ ^^d—i,p—i ^ ^ (fc T gp—i 




i =0 

D, 


fc =0 


p-i 

'rf,p—i + 


d + p — 2 — k 
d 


(B.12) 


— 3d d p—i + 


fc=o 
d + p — 1 

p — 2 


— Dd,p -1 + 


d + p — 1 
d + 1 
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In the second last step, we made the substitution n = d — 2+p, n — m = d, 
m = p — 2, and used the recursion formula to calculate the sum of binomial 
coefficients. We verify that Dd, p = (jtf) satisfies this relation. 

v. 


Ed, p 


Ed,p “I - E,i p 

fd + p\ (d + p\ _ (d + p+l\ 
\d + 2j + \d+ l) ^ V d + 2 )' 


(B.13) 


C Evaluation of products of £>-jet delta functions 

Unlike the ordinary delta function S(x), the p-jet delta functions can be 
multiplied with each other in a meaningful way. In this appendix we evaluate 
three expressions that are needed in the text. 

Let f(x) and g(x) be some smearing functions, and denote by fo(x) = 
f(x ) — /(0) and go(x) = g(x) — g( 0) the corresponding shifted functions. 
Clearly, /o(0) = po(0) = 0. Since the functions are just shifted by a constant, 
the suffix 0 is not necessary in derivatives: d^fo^x) = d p f(x). 

The following sums are needed in the text: 

i- Jj d d x d d y f (x)g(y) 6 p (x, y) S p (y , x) 

= ( d+ /)f (0)9(0), (C.l) 

n- Jj d d x d d y fo(x)g(y) d*6 p (x, y) S p (y, x) 

= (^ + i )d,f(o)g(o\ (c.2) 

in- JJ d d xd d y fo(x)go(y)d*6 p (x,y)dy6 p (y,x) 

= ^/(o^W + ^ + a)^ 0 ^ 0 )' (c ' 3) 

Proof: 

i. By definition of the p-jet delta function, the LHS reads 

f j d d xd d y f(x)g{y) ^ ^ x m d m 5(y ) ^ y n d n 5(x) 

= [[ ddxdd y d n(x m f(x))d m {y n g(y))S(x)S(y), (C.4) 

m,n ' ^ ^ 
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(C.5) 


where we integrated by parts m times in x and n times in y. Now, 

J d d xd n (x m f(x))5(x) = 0, 

unless n > m (which means that n p > rn p for all y), because otherwise 
the integrand would be propotional to x 11 , and the delta function would kill 
it. At the same time, we must also have m > n, because otherwise the 
integration over y would vanish. Hence m = n and ()C.4D is equal to 

JJ d<ixdd y d m (x m f(x))d m (y m g(y))S(x)8(y) 

= JJ dd xd d y{m\f(x))(m\g{y))5{x)5{y) 

= E i ■ /(°)s(°) ( c - 6 ) 

m 

= A dyP f(0)g(0), 


where A d)P is defined in (IB. II) . 
ii. The LHS becomes 


E 

m,n 


d d xd d y f 0 (x)g(y)Y^ 
1 




(m — /x) In! 


in 

'd„ Ad 


m! 


-m^x 


~^d m d(y) V- 7—y n d n d{x ) 

' n! 

(C.7) 


d d x d d y d n (x m M / 0 (x)) d m (y n g(y )) 8(x)8(y), 


after repeated integration by parts. In order to kill off all factors of x we 
must have n > m — y. There are two ways this can be achieved: 


a) m = n, 

b ) n = m — y, m = n + y. 


However, in the second case the expression is proportional to 

J d d xd n (x n f 0 {x))S(x) = n!/ 0 (0) = 0, (C.8) 

because the smearing function fo(x) is shifted to make /o(0) = 0. Hence 
only the first case contributes to the result, which becomes 

Y ( m _^)!m! JJ ddxddy "V( m _ a0 ! ^/o(®) m! g(y) 5(x)8{y) 

= •^/o(°)5 f (0) (C.9) 

m 

= B d}P d^f (0)g(0), 
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where we used (IB.21) and c^/o(0) = <9^/(0) in the last step. 
in. The LHS becomes 

_t l m l 


d d xd d y f 0 {x)g 0 {y)Y] -: —m^x m x 

Z — J m! 
m 

X V ^-n„iT- v d n 5{x) 

Z — J n! 


y_L_ 

(m — u)!(n! 

m,n v r / \ 


(C.10) 


(m — /r)!(n! — v) 

x ff d d xd d yd n (x m ~ fJ 'f 0 (x))d m (y n - , 'g 0 (y))5(x)6(y). 


There are now five cases that may survive: 


a) m = n, 

b ) n = m — /r, m = n + g, 

c ) m = n — u, n = m + v, 

d) n 7 ^ v and n = m — // + z/, m = n + /r — is, 

e ) y = v and n = m — 2/i, m = n + 2y. 


In case a), (jC.101) equals 
1 


y_ 

■' (m — u)!(m — v)\ 
y m^rriv ■ d^f 0 (0)d u g 0 (0) 


rrin (m - //)! d M / 0 (0) m^m - i/)! d„3o(0) 

(C.ll) 


Q, p ^/( 0)^ 5 (0), if /i = /A 

^. P ^/(°)^5(0), if /J + v, 


where the sum was evaluated in (IB.3I) and (IB.4I) . 

Cases b) and c) both vanish, because the expressions are proportional to 


I d d xd n (x n f 0 (x))8(x) = n!/ o (0) = 0, 
d d yd m {y m g 0 (y))8(y) = m!.g 0 (0) = 0, 


(C.12) 


respectively. 
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Case d) is already covered by case a) if g = v. If g ^ u. equation (1C.101) 
reads 

Y ( m _ - i/)l // ddxdd y dn ^ xn ~ ,/ fo(x))d m (y m ~ fl g 0 (y))S(x)5(y) 

= n vd u fo(0) m^d^goiO) (C.13) 

m 

= Y] m »( m — M + u )v d v f(0)d,j,g{0). 

in 

We now note that v v = 1 and //j, = 0 because g 7 ^ v. Using ()B.5D we arrive 
at 


Y + !) <%/(0)^(0) = E d)P d p f (0)d p g(0). (C.14) 

m 

Finally we have case e), but this vanishes because it is proportional to 

J d d xd n (x n+2 ^f 0 (x))S(x) = 0 , (C.15) 

and there are not enough derivatives to kill all powers of x. 

Summing up the non-zero contributions from cases a) and d), the result 
for the integral in (1C.101) is 

Cd,p d p f (0)d u g(0) (C.16) 


if g = is, and 


E d , p d u f(0)dpg(0) + D d . p d p f(0)d u g(0) (C.17) 

if g 7 ^ v. However, since C djJ = E dp + D dp , the latter expression is equal 
to ()C.16I) when g = v, so the covariant result (1C. 171) holds irrespective of 
whether g equals v or not. 


D Evaluation of the Vir(d) OPE (14.201) 


In this appendix we evaluate the OPE between the three partial Vir(d) gen¬ 
erators listed in (14.171) . Since none of the generators involves any derivatives 
of z, the Wick contractions must be of the form 


L\{z)V p {w) 


R l\( w ) 


+ 


z U w ) 


(z — w ) (z — w) 2 


(D.l) 
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To reduce writing, we suppress arguments where so can be done without 
obscuring the meaning. 

First consider the regular terms. 

R°° v = : ^(q)p„ " {q)p„ ■ 

~ V l '(q)du^(q)Pn - ^ fl {q)d fi r] u (q)p fl 

= L U (°- 2 ) 

Rf v = - : ^(q)Pn : J (v u ( x + q)~ v u (q )) : : 

~ ^(q) J (<W(z + q) - d fI ri v (q)) : 7T<V/> : (D.3) 

R\ 0 V = ~ J + q) - q )) : nd^ :: q u {q)p v : 

~ ~V U (q) J {dy^{x + q)~ d v ^(q)) : : (D.4) 

To evaluate R\\, dehne 

S j'/ 

Co ( x ) = ^{x + q) - ^(q) (D.5) 


We then have 

R& = jj Co (x)rio(y) : T:{x)d^{x) :: Tr(y)d u (j)(y) : 

~ J/ £o{x)ri v 0 (y)(d*5 p (x,y) : Tr{x)d v ^{y) : 

~ d%6 p {y,x) : Tr(y)d v <j>(x) : ) (D.6) 

= J Co<W : ^ d A : + J Co 7 7o : ^ 9 AA : 

- J Vod,e ■ ndpt J Co 7 7o : ^ 9 AA ■ 

= J (^(x + q)~ C M (g))<W(a; + g) : nd^ : 

- J (jf{x + q)~ p v {q))d v ^(x + q) : tt6> m 0 : . 

Partial integration in the second step was performed using (12.171) . The sum 
of (ID.31) . (|D.4I) and (ID.61) is 

Rfp + R\ 0 V + = J (C^yf ) 0 : ird u (j) : - J [r\ v d u ^) 0 : ird^l) : 


= L 


[€,»?]■ 


(D.7) 
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The next two terms are 


Rf v = - : ^(q)Pn : J d p rf{x + q) : nT£<j> : 

~ C M ( q ) J d ll dprf{x + g) : ttT^ : (D.8 ) 

R t?r, = j j Co {x)d p rf{y) : ir^d^x) :: tt (y)T£(j)(y) : 

~ JJ Co { x )dpV u (y)(d£6p(x,y) : n (x)T^(y) : 

- <5p(y,x) : Tr(y)TPd p <t>{x) : ) (D.9) 

= J (^i d i-< d P r l U ■ *TS<t> '■ + Co^P^(y) : ^ T v d p4> ■ 

~ Co<W(y) ■ nTPdpcj) : ) 

= J (e(x + g) - e(q))d li d p rf / : vrT^ : 

Summing the last two contribution, we find 

^ ^ = J C M (® + q)dpd p y u (x + q) : vr : (D.10) 

and analogously 

^° r) + ^f : l, = ~ J r\ v (x + q)d v d p ^{x + q) : vrT^ : (D.ll) 

Finally, 

flg, = .// ^ " nT ^ : 

~ j d p ed a ,f -.TTiTP^-. (D.12) 

= J dp^'dpff : ttTPtJ) : - J d p ifd u ^ : 7 tT£</> : 

Summing the last few constribution, we find that the sum + 
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(D.13) 


#|° + Rf v + Rff v equals 

J (dp^d^ + ^‘dfjdprf) : vr: 

- J {dpi?dug 1 + rf'dudp^) : vrT/> : 

= J d p [^r]f :ttTP$: = T| j7?] 

Using (lD.2j) . (ID. 71) and (ID.13|) . we finally have 
2 2 

Y Y R tv = L [(,v] + L K,I7] + L hv] = L %v] ■ ( D - 14 ) 

2=0 j =0 

We now turn to the double Wick contractions. 

2$, = ■ ^( q)Ph " rj u (q)p u := ~d u ^(q)dpT] u (q) (D.15) 

The other terms involving the observer’s momentum vanish, 

Z^(z, w) = 4° (z, w) = Z™(z, w) = Z™(z, w ) = 0, (D.16) 

because in these terms only a single Wick contraction is possible. 

z \] v = ff to( x )Vo (v) : n{x)dp(j){x) :: vr {y)d v ^ y) ■ 

= Ttr I JJ €o(x)rio(y)d£5 p (x,y)dV6p(y,x) (D.17) 

= =FA e [E d)P d v ^{q)dpr] v {q) + D djP dp^(q)d u r] u (q)^, 

where we used (1C.3D and the fact that there are A g = tr I different fields 
that contribute to the sum. 

z \% = JJ to ( x ) d pV U (y) ■ v r (s)d^(s) :: vr(v/)r^ (v/) : 

= =Ftr JJ ^(x)dpr] u (y)dpdp{x,y)dp(y,x) (D.18) 

= : ¥B cl) pko(Q)dp^{q)d u ri u (q) 

Here we used (1C.2D to evaluate the sum and that the trace of the gl (d) 
generators trT^ = ko(g)Sv- By symmetry we immediately obtain Z^ 1 = 
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z z 2 v = ff d p^( x ) d ^ u (y) : 7 i( x ) t ^( x ) :: ^{y) T v^{y) ■ 

J J I__ _I 

= =Fti -TPT? JJ d p ^{x)d a ri u (y)5 p (x,y)5 p (y,x) (D.19) 

= T4i, p (h {e)K&l + h (e)Sffi) d p ^(q)d a ^( q ), 

where we used (1C.II) and (14.2211 . 

Summing the nonzero contributions, 

Zt,n = Zg, + Z\] v + 2 Z\% + Z™, (D.20) 

we see that the extension is of the form (14.211) and the abelian charges are 
given by (|4.23j) . 


(E.l) 


E Proof of the results in subsection 14.4 

The OPE will be of the form 

t s \ t ( \ H t,x(w) W cx {z,w) 

L^z)Jx(w) -+ — -■ 

First we calculate the regular term: 

Hz,x(w) = e(q) J d lt X a : t rM> : + J X a : (-^vr + d v ^7rT")M a cj) : 

+ J X a : nM a (-tfd fi cJ> - : (E.2) 

= e(q) f (d p X a : 7rM> : +X a d p (: ttM> :)) 

- J X a e i d p (: t rM> :). 

The first term is a total derivative, and the second becomes after an inte¬ 
gration by parts: 


H^x O) = J d^(x + q)X a (x + q)) : ttM> : . 

We recognize the transformation law for a density of weight one. 


(E.3) 
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The extension only involves contributions from L^(z) and L|(z), because 
there is no double contraction between L { l(z) and Jx(w). 

= [[ (tp (x)X a (y) : n(x)d^ (j){x) :: 7 r (y)M a (j)(y) : 

+ d u ^(x)X a (y) : n(x)T"(j>(x) :: ir{y)M a (j) (y) : 

= =Ftr M a Jj fax 0 ' d£8 p (x, y)8 p (y, x) tr I (E.4) 

+ d u ^X a 8p(x,y)8 p (y,x) tr T^j 

= ^z M 6 a (B dtP A g dpe(q)X a (q) + A dtP k 0 (e)8"d„e(q)X a (q)^ 

= TZ M (B dtP A e + A dtP k o (0)^d p e(q)8 a X a (q), 

where we used (1C.ID and (1C.2D to evaluate the products of delta functions. 
The form of the OPE and the expression for the abelian charge cj (I4.35[) - 
(14.36P are thus confirmed. 


F Proof of the equations in section [5] 


Since the reparametrization generators depend on z-derivatives, it is useful 
to list the OPEs between z-derivatives of the fundamental fields: 


4>(x,z)Tr(y,w) ~- 8 p (x,y) 

z — w 

<j>(x,z)n(y,w) ~ - - ^—^5 p {x,y) 

[z — w) Z 

(j)(x, z)'k{y, w) ~ - - l —— I 8 p (x,y) 

(z — Wf 

-2 

<j>(x,z)7r(y,w) ~ - - -„5p(x,y) 

[z — W) A 


7T (x,z)(l>(y,w) ~ 
n(x,z)<j)(y,w) ~ 
x,z)<j){y,w ) ~ 
n(x,z)<j)(y,w) ~ 


Tl 

z — w 
Tl 


S P (y,x) 
;5 P {y,x) 


(z-w) 2 py 
T——Y2 5 p(y’ x ) 

(.Z — W) Z 
( ^ \3 S p(V’ X ) 

(z — wy 


In general, the T(z)T(w ) extension is obtained by double contractions of 
four terms. For brevity we only consider the case A = 0 where the extension 
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only consists of a single term: 


T(z)T(w) 


: 7 T(x,z)(j>(x,z) :: n(y,w)<j){y,w) : 


= tr / 


-1 


(z — w) 2 


5 P (x,y) 


Tl 


(z — w ) 2 


Sp(y,x) (F.i) 


±1 


(z - w)‘ 


[ Ag A^f A<^p. 


The results for non-zero A is obtained analogously. The central charge C 4 
simply equals the usual Virasoro central charge (|5.5I) times the number of 
conformal fields ( d ^ p )A e A m- 

The extension in the T(z)Jx(w ) OPE is 




J ((A — 1) : 7n/>: +A : 



: TiXcf) : 



±(2A - 1) 
(2 — w) 3 


tr 15 p (x,y)5 p (y,x) 


2A - 1 

±tr A(g) ^ A e A djP 

±ZMS a X a (q ) - -3 A e A dp , 

(z — w) d 


(F.2) 


which is (15.121) . 

The extension of the T(z)L^{w) OPE is 

J (0 - 1 ) : TT(j) : +A : h(j) :) J (f'f : : +d v ^ : ttT^ : 

~ JJ (to tl ' I ^p( x ^y)dpS p {y,x) + d u ^ti-T p 5p(x,y)5 p (y, x)^ 

= 1 (?)fco(?)^, P ) Am, (F.3) 


which is (15.111) . 
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